Introduction
Nozzles usually take the shape of conical shells that are also commonly used as injectors, sprayers, rocket engine components, etc. Flexural vibrations of conical shells with various boundary conditions have been evaluated ͓1-3͔. Spatially distributed modal signals and actuation characteristics of conical shells and other shell structures, e.g., paraboloidal shells, spherical shells, toroidal shells, etc., based on the smart structures and structronic system technology have also been investigated in recent years ͓4-7͔. The computational finite element ͑FE͒ technique of piezoelastic and piezothermoelastic structures has also been quickly developed in the last decade ͓8,9͔. The goal of this study is to evaluate static actuation and dynamic control of nozzle-like conical shell structures subjected to pressure and temperature excitations using the finite element technique. A new curved laminated piezothermoelastic hexahedral finite element is formulated based on the layerwise constant shear angle theory. Detailed FE procedures are presented. Modeling and analysis of piezothermoelastic conical shell structures subjected to control voltages for static shape actuation and dynamically and thermally induced vibration controls are presented in case studies.
Equations of Motion of Conical Shells
A conical shell belongs to the family of shells of revolution which can be defined in a tri-orthogonal curvilinear coordinate system. Figure 1 depicts a conical shell along with the attached curvilinear coordinate system ͑␣ 1 , ␣ 2 , ␣ 3 ͒. Usually a secondary coordinate system ͑x , , ␣ 3 ͒ is adopted to better describe the geometry of conical shell, also shown in Fig. 1 . Note that x is the longitudinal coordinate measured from the apex O ͑in the same direction as ␣ 1 ͒; X 0 is the length between the apex O and a surface point corresponding to O 1 ; ␣ 2 or is the coordinate in the circumferential direction. Therefore, these two coordinate systems are related by: ␣ 1 = x − X 0 and ␣ 2 = .
The strain, electric field, and temperature gradient for conical shells are ͓10͔
where S ij , E i , and g i ͑i , j =1,2,3͒ denote the strain, electric field, and temperature gradient, respectively; U i ͑i =1,2,3͒ , and denote displacement, electric potential, and temperature rise from the stress free reference temperature 0 , respectively; ␤ * is the apex ͑semi-vertex͒ angle. The linear piezothermoelasticity theory is adopted in this study. It is assumed the piezothermoelastic material is made of class mm2 piezoelectricity. The constitutive equations can be found in the literature ͓12͔. The equations of motion of conical shells are ͓10͔
͑15͒
where
where Ñ st , M st ͑s , t = x , ⌿͒ are the resultant forces and moments associated with the mechanical, electrical, and thermal fields; Q 13 and Q 23 are the transverse shear force; q k ͑k =1,2,3͒ is the external force; Ü k ͑k =1,2,3͒ is the acceleration.
Variation Formulation
The boundary conditions are given by ͓9͔
where Q is the electric charge; f i ͑i =1,2,3͒ is the surface force; q s is the surface heat flux; h v is the thermal convection coefficient; 0 and ϱ are, respectively, the reference temperature and ambient temperature; ij ͑i , j =1,2,3͒ is the heat conductivity coefficient;
and g 33 = 1 are the covariant components of the metric tensors; R 1 and R 2 are the radii of principal curvature; A 1 and A 2 are the Lamé parameters; and the overbar denotes a known boundary value. Other quantities are the same as previously defined. The variation formulations for piezothermoelastic continuum can be obtained from Eqs. ͑13͒ to͑24͒ integrated over the volume that the continuum occupies, i.e.,
where ⌫ kj ͑k , j =1,2,3͒ is the Christoffel symbols ͓13͔; f b is the body force; S T and S D are the boundary surfaces specified by the Transactions of the ASME surface traction f k ͑k =1,2,3͒ and electric charge Q ; S s and S h are the surfaces for specific heat flux. Based on these formulations, a new FE is defined next.
Piezothermoelastic Finite Element
Finite element procedures and associated governing equations of the piezothermoelastic shell structures are discussed in this section. Two piezothermoelastic shell elements, i.e., the triangular and hexahedral elements, are developed based on the layerwise constant shear angle theory, i.e., the straight lines in each layer normal to the undeformed shell remain straight, but they rotate with respect to the normal to the deformed shell by an amount which varies from layer to layer ͓14͔. Note that each node is associated with five degrees of freedoms ͑i.e., displacements U 1 , U 2 , and U 3 , electric potential , and temperature ͒ for both elements. Over a typical element, the displacement component U 1 , U 2 , U 3 , electric potential , and temperature can be interpolated spatially by an expression of the form
where U i ͑i =1,2,3͒ are the displacement components; is the electric potential; is the temperature; U ik is the value of U i at node k; ⌽ k is the electric potential at node k; ⌰ k is the temperature at node k. N k is the finite element interpolation function at node k and n is the number of nodes in the element. Note that the same interpolation function is used for each degree of freedom and the detailed definition of the interpolation function is provided in the literature ͓14͔. Substituting Eqs. ͑1͒-͑12͒, ͑18͒-͑24͒, and ͑28͒-͑32͒ into Eqs. ͑25͒-͑27͒, one can obtain the finite element system equation in a matrix form as
where ͕⌬͖ is the vector of the nodal degrees of freedom ͑U 1 , U 2 , U 3 , , and ͒; ͕⌬ ͖ is the vector of nodal acceleration ͑Ü 1 , Ü 2 , Ü 3 , , ͒; ͓K͔ is the matrix of stiffness coefficients; ͓M͔ is the matrix of mass coefficients; and ͕F͖is the vector of external excitations. It should be pointed out that the stiffness matrix ͓K͔ and force vector ͕F͖ can be further expanded into submatrices and subvectors associated with the mechanical, electrical, and thermal field, i.e.,
where the subscripts u, , and are used to respectively specify the submatrices and subvectors associated with the mechanical, electrical, and thermal field. Detailed expressions for the stiffness matrices and mass matrix can be found in the literature ͓7͔.
In distributed control analysis, the negative velocity control scheme is employed. Then, one can write the feedback control force as
where ͓G͔ is the gain matrix used in feedback control analysis; ͓C p ͔ is the capacitance matrix of piezoelectric actuator; ͕U ͖ is the velocity vector; ͕⌰ ͖ is the vector of derivative of nodal temperature ͕⌰͖ with respect to time; the superscript a denotes actuator property. The Newmark direct integration method ͑with ␣ = 0.5, ␦ = 0.25͒ is adopted to discretize the time derivatives appearing in Eq. ͑33͒. A FE code incorporating all these features is developed and used to model and analyze conical shell systems presented next.
Case Study
Conical shells of revolution have many applications such as nozzles, rocket fairings, etc., in aerospace and structural systems. In this section, free-vibration analysis is conducted first, followed by static shape actuation and vibration control of dynamically and thermally induced vibrations. A nozzle-type truncated conical shell is clamped at its small end and free at the large end as shown in Fig. 2 . Its geometry and material properties are provided in Table 1 . Note that points A and B are located at 0°and 45°, respectively, where the vibration and controlled responses are evaluated later. The length-to-radius ratio ͑H / R t ͒ and radius-tothickness ratio ͑R t / h͒ are 3.64 and 53.2, respectively. H is the height of the cone in the longitudinal direction; h is the thickness; R t is the radius of the small end. The cone is discretized by 18 ϫ 60 mesh in the longitudinal and circumferential directions, respectively, using the hexahedral and the triangular elements ͓7͔. Note that each mesh contains two triangular elements.
Natural frequencies calculated by the current FE code are listed in Table 2 , along with experimental data and other published data Table 2 , "Exp" represents experimental data; 40ECS10E and 40ECS20 respectively donate the 10-and 20-equivalent cylindrical shell elements; "TRI" and "HEX" donate the triangular and the new hexahedral shell element; f 1 , f 2 are the natural frequencies associated with the longitudinal mode number; m and n represent respectively the longitudinal and circumferential mode numbers. It should be noted that the transverse shear strain terms are ignored in the strain-displacement relationship and the rotational inertia is also not accounted for in the previous study ͓16͔. It is observed that the current results compare well with the published date. Further observation suggests that ͑1͒ the current results are close to the experiment data, as compared with the other FE results and ͑2͒ the current results are consistently smaller than other FE results
͓17͔.
In an earlier study, Weingarter graphically compared the experimental data with the FE results obtained from the inextensional theory. For the first longitudinal mode ͑m =1͒, the theoretical curve follows the experimental data at low circumferential modes, but the difference increases at higher circumferential modes ͓15͔. Table 2 indicates that the experiment gives the lowest frequency at the m = 3 mode while both FE analyses show the lowest frequency is the m = 4 mode. It should be pointed out that the experiment is limited by many factors, e.g., nonideal boundary conditions or certain modes cannot be excited. For such complicated conical shell structures, the frequencies are actually position-dependent although they may not be significantly different at various locations. However, the frequencies obtained from the FE analysis are not position-dependent ͑i.e., they are global frequencies͒. These factors, among others, lead to discrepancies between the experimental data and the FE results ͑e.g., m =3͒. However, the numerical results are generally in good agreement with the experimental data. And the current finite element results are even closer to the experimental data in most cases, as compared with previous FE studies.
Static Shape Actuation. Shape control of nozzles and other conical components not only enhances performance, but also improve structural integrity and reliability. In order to evaluate the shape control effects, the clamped truncated cone is fully coated with a lead-zirconate titanate ͑PZT͒ layer ͑thickness= 2.54 ϫ 10 −4 m͒ on the outer surface and the actuation is imposed on the outer shell surface only. Note that the actuation is induced by the PZT layer on the outer shell surface only. The points at 0°͑360°͒ , 90°, 180°, and 270°on the free end ͑major radius edge͒ have the maximum deflections of 8.374ϫ 10 −9 m, while the points at 45°, 135°, 225°, and 315°on the free end have the minimum deflections of 0.94ϫ 10 −9 m. Thus, the control forces induced by the converse piezoelectric effect impose a static shape actuation. This induced static deformation follows the lowest energy level which is the fourth mode in this case, as shown in Fig. 4͑c͒ . Accordingly, in order to achieve specific shape control of the nozzle structures, actuator layout and coordinated control voltages need to be further investigated.
Vibration Control. The dynamic characteristics of shells of revolution, such as conical shells, paraboloidal shells, toroidal shells, are quite complicated, due to coupled membrane and bending effects at various natural modes. Vibration control of these deep shell structures needs special care. Vibration control of the foregoing conical shell subjected to mechanical load is investigated first, followed by control of thermally induced vibration.
Control of Mechanically Induced Vibration.
In this section, vibration control of the aforementioned clamped truncated cone subjected to mechanical excitation is investigated. Two PZT layers ͑h = 2.54ϫ 10 −4 m each͒ are coated on the inner and outer surfaces of the shell, respectively, serving as sensor and actuator. The PZT material properties are the same as those provided in the static shape control case. A 1.0 N / m 2 uniform dynamic step pressure is applied to the inner surface of the cone ͑in the outward direction͒. The negative velocity control scheme is employed in the analysis and the time step is set to be 1.0ϫ 10 −4 s. Note that there is only one continuous sensor electrode and thus the sum of sensing signals resulting from all sensor segments is averaged with respect to the sensor area and the averaged signal is used as a feedback reference voltage amplified and applied to the actuator layer. Figures 7-10 show the uncontrolled and controlled responses of points A and B of the piezoelectric coated cone ͑see Fig. 2͒ at various gains. The beat phenomenon takes place since the lowest two frequencies ͑m =1; n =3, 4͒ are close to each other. The controlled responses reveal that the vibration control of the piezoelectric laminated cone is achieved. Note that the dashed lines are to facilitate comparing the uncontrolled and controlled responses of this conical shell.
Control of Thermally Induced Vibration.
Controlled responses of the piezothermoelastic cone with thermal excitation are investigated in this section. It is assumed that a temperature difference is initially applied on the surfaces of the piezothermoelastic cone. The temperatures on the inner and the outer surfaces are respectively −10 and 10°C. The temperature gradient induces an initial deflection of the shell. A sudden removal of the temperature field sets the shell to oscillate and then the negative velocity feedback control ͑with control gains of 10 and 50͒ is employed to the ac- Figs. 11-14. Numerical investigation shows that the control of thermal excitation is achieved. However, note that the dynamic characteristics of conical shells are quite complicated. Many factors, such as geometry, curvatures, and boundary conditions, have significant influence on the dynamic behavior of conical shell structures. Since both membrane and bending behavior participate in the responses of the conical shells, it is rather difficult to achieve significant control effect of most natural modes, as compared with the bending behavior dominated structures, such as beams and plates. Accordingly, spatial layout, e.g., shaping and segmentation, and coordinated actuation, e.g., various control algorithms, of piezoelectric actuators need further investigation to improve control effectiveness.
Conclusion
Precision actuation and vibration control of nozzles modeled by a fix-free truncated conical shell and subjected to static control voltage and mechanical and temperature excitations were investigated in this study. A new curved laminated piezothermoelastic hexahedral finite element based on the layerwise constant shear angle theory was developed and this FE was integrated into a new FE code used in the nozzle modeling and analysis. Natural frequencies and mode shapes were first analyzed and favorably compared with experimental data, as well as other FE solutions. Static shape actuation induced by a fully distributed PZT layer was then demonstrated. The data indicate that the fully distributed actuator with a uniform control voltage tends to induce a shape of the lowest natural mode. Furthermore, closed-loop controls ͑i.e., the negative velocity control scheme͒ of the conical shell, laminated with PZT sensor and actuator layers, respectively subjected to internal pressure and temperature gradient were evaluated. Timehistories of the original and controlled responses show beating phenomena of the two low natural modes. Analysis data suggest that the dynamic behavior and control characteristics of conical shells are rather complicated due to the coupled membrane and bending effects participating in the responses. The overall control effect is not significant, because of the selected sensor/actuator layout and a single control voltage applied to the actuator layer. Accordingly, effective sensor/actuator segmentation and/or shaping to improve the overall control effectiveness need to be further investigated ͓11͔.
